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Abstract

We show that a design-based model of an experiment with a binary inter-
vention and outcome can reveal empirical evidence against a “monotonicity”
assumption that the intervention affects all subjects in weakly the same di-
rection. A canonical sampling-based model cannot, but we show that other
sampling-based models can. Using statistical decision theory, we propose a
maximum likelihood decision rule that does not assume monotonicity and pro-
vide conditions for its optimality. Under these conditions, we calculate the
exact performance of our rule in small samples and show that the gains relative
to a rule that assumes monotonicity grow with the sample size. In a real exper-
iment in health care, we use visualizations of potential outcomes to illustrate
evidence against monotonicity, which we quantify with a likelihood ratio. De-
spite a large and statistically significant average effect, our rule reveals positive
counts of compilers affected in one direction and defiers affected in the other.
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1 Introduction

Suppose you have a health care intervention that could plausibly affect some patients
in one direction and other patients in the opposite direction. You run an experiment
with a binary intervention and a binary outcome. In terms of an instrumental variable
model, you have the first stage or the reduced form but not both. Using terminology
for the first stage, compliers are treated if and only if assigned intervention, defiers
are treated if and only if assigned control, always takers are treated regardless, and
never takers are untreated regardless (Angrist, Imbens, and Rubin, 1996). Influential
work by Imbens and Angrist (1994) proposes a monotonicity assumption that assumes
away compilers or defiers in the first stage, and Manski (1997b) proposes an analogous
assumption in the reduced form. Monotonicity assumptions are ubiquitous in the
analysis of first stages, and they are gaining traction in the analysis of reduced forms
(Alsan, Cawley, Doyle, and Skelley, 2025). They are useful for the interpretation of
results, but they can be difficult to defend in some contexts, particularly in health
care settings where interventions may be helpful for some but harmful for others.
In the context of your experiment, you would prefer to decide whether to impose a
monotonicity assumption based on evidence.

We show that a design-based model of an experiment can reveal empirical evi-
dence against monotonicity through curvature in the likelihood, which we illustrate
with figures that we develop to visualize potential outcomes. As we review, the
canonical sampling-based likelihood has flat regions that preclude evidence against
monotonicity.! However, we show that the likelihood that arises from an alternative
sampling-based model in which sampling is done without replacement has curvature
that can reveal evidence against monotonicity.

We propose a novel design-based maximum likelihood decision rule in the style of
Wald (1949) that does not assume monotonicity. Maximum likelihood estimators are
well established and frequently used. There are also straightforward conditions under
which our maximum likelihood rule is Bayes optimal, which we review. Alternatively,
we can justify our maximum likelihood rule with the principle of maximum entropy;,
which does not require specification of a Bayesian prior (Jaynes, 1968).

We construct a design-based rule that assumes monotonicity, and we use it to
quantify the loss from and evidence against monotonicity. To quantify the loss from
monotonicity across all possible experiments with even-numbered sample sizes from
2 to 40, we calculate the exact ratio of the Bayes expected utility from our optimal
maximum likelihood rule to that of the suboptimal rule that assumes monotonicity.

'For a given pair of marginal distributions, the likelihood function in the canonical sampling-
based model is flat over all copulas connecting them—a classic result of Boole (1854), Hoeffding
(1940), and Fréchet (1957). A large literature has focused on specifying what we can learn from
estimates of these copula bounds in the canonical sampling-based model (Balke and Pearl, 1997;
Heckman, Smith, and Clements, 1997; Manski, 1997a; Tian and Pearl, 2000; Zhang and Rubin,
2003; Fan and Park, 2010; Mullahy, 2018; Ding and Miratrix, 2019; Li and Pearl, 2019; Bai, Huang,
Moon, Shaikh, and Vytlacil, 2024; Semenova, 2024).



The ratio grows with the sample size, from one in the sample size of 2 to 1.17 in
the sample size of 40. To quantify the evidence against monotonicity in a specific
experiment, we utilize the likelihood ratio.

We illustrate evidence against monotonicity by applying the maximum likelihood
decision rule and the likelihood ratio in a real experiment in health care. The exper-
iment analyzes the effect of assignment to high dose Vitamin C on survival among
patients with sepsis (Zabet, Mohammadi, Ramezani, and Khalili, 2016). Sepsis treat-
ments can have serious or even fatal side effects (Warren, Suffredini, Eichacker, and
Munford, 2002), so the case for a monotonicity assumption is weak. This trial finds
a large and statistically significant effect of the intervention on survival. Both the
monotonicity and maximum likelihood decision rules preserve the magnitude of this
effect as the difference in the estimated numbers of compliers and defiers; but while
the former estimates no defiers by construction, the latter estimates positive num-
bers of both compliers and defiers with a likelihood 1.19 times larger. This example
shows that our proposed decision rule can reveal evidence against monotonicity, even
if the estimated effect is large and statistically significant. However, our rule need
not always reveal evidence against monotonicity. We show that our rule could have
supported monotonicity in an experiment with the same size and estimated average
effect if different numbers of subjects had survived in each arm.

Our work reveals evidence against monotonicity by uniting statistical decision
theory with a design-based model of an experiment based on causal models of poten-
tial outcomes from Neyman (1923), Welch (1937), Kempthorne (1952), Copas (1973),
Rubin (1974, 1977), Greenland and Robins (1986), Holland (1986) and others. Copas
(1973) derives the design-based likelihood of a completely randomized experiment.
We generalize the design-based model to derive the likelihood from a generic random-
ization process, which we demonstrate with an application to Bernoulli trials, and
we extend the model to produce a sampling-based likelihood that can reveal evidence
against monotonicity, unlike the canonical sampling-based model. We examine these
likelihoods using statistical decision theory to engage with monotonicity assumptions
that became ubiquitous decades later. Our work contributes to the integration of sta-
tistical decision theory into econometrics (Manski, 2004; Dehejia, 2005; Manski, 2007;
Hirano, 2008; Hirano and Porter, 2009; Stoye, 2012; Kitagawa and Tetenov, 2018;
Manski, 2018, 2019; Hirano and Porter, 2020; Manski and Tetenov, 2021; Fernandez,
Montiel Olea, Qiu, Stoye, and Tinda, 2024), particularly within finite sample settings
(Canner, 1970; Manski and Tetenov, 2007; Schlag, 2007; Stoye, 2007, 2009; Tetenov,
2012).

We illustrate evidence against monotonicity using visualizations of potential out-
comes, and we see the development of these visualizations as a secondary contribution.
They allow us to depict how the same data can arise from different distributions of
potential outcomes, some that satisfy monotonicity and some that do not. Given the
design-based randomization process, there are more ways for the data to arise from
some distributions of potential outcomes than others, giving rise to different values



of the design-based likelihood. Our visualizations provide intuition for why curvature
in the design-based likelihood can provide evidence against monotonicity.

Previous approaches can only reveal evidence against monotonicity with addi-
tional data. Machine learning approaches of Wager and Athey (2018) and Semenova
(2024) require rich data on covariates. Analysis of side effects in medicine requires
data on secondary outcomes. Specification tests of instrumental variable model as-
sumptions can reveal evidence against monotonicity in the first stage (Imbens and
Rubin, 1997; Richardson and Robins, 2010; Huber and Mellace, 2012, 2015; Kitagawa,
2015; Mourifié and Wan, 2017; Machado, Shaikh, and Vytlacil, 2019), and marginal
treatment effect methods can reveal evidence against monotonicity in the second stage
(Bjorklund and Moffitt, 1987; Heckman and Vytlacil, 1999; Kowalski, 2023a,b), but
such approaches require the additional structure of a two-stage model as well as data
on both stages.

The remainder of the paper proceeds as follows: Section 2 compares the canonical
sampling-based model to the design-based model and an alternative sampling-based
model, both of which can reveal evidence against monotonicity. In Section 3, we
discuss statistical decision theory and our two proposed decision rules. Section 4
quantifies the losses from and evidence against monotonicity. We show that our
proposed decision rule can reveal evidence against monotonicity in a real health care
experiment in Section 5. Section 6 concludes.

2 Sampling- and Design-Based Models of an Experiment

2.1 A Canonical Sampling-Based Model with Replacement Cannot Re-
veal Evidence against Monotonicity

A canonical sampling-based model yields a likelihood that cannot reveal evidence
against monotonicity, as we review here. Each subject has a binary potential outcome
Yr € {0,1} in intervention and Yo € {0,1} in control, where 1 represents “treated”
and 0 represents “untreated.” Subjects are randomly assigned to intervention (Z = I)
or control (Z = (), and assignment to intervention Z is independent of a subject’s
potential outcomes (Y7, Ys). The observed outcome Y is:

Y =17-n,(Y1) + Liz=c1 (Ye),

where 1y is the indicator function.?

Subjects are sampled with replacement from a superpopulation with four “prin-
cipal strata,” defined by combinations of potential outcomes (Frangakis and Ru-
bin, 2002): let g1 represent the share of the superpopulation who are always takers
(Y7 =1, Yo = 1), qip the share of compliers (Y7 = 1, Yo = 0), qo1 the share of defiers
(Y7 =0, Yo = 1), and qgo the share never takers (Y; = 0, Yo = 0). Sampling with

2A subject’s observed outcome depends only on their own potential outcomes and their inclusion
in the intervention or control arm, ruling out network-type effects through a “no interference” (Cox,
1958) or “stable unit treatment value” (Rubin, 1980) assumption.



replacement implies that each subject’s vector of potential outcomes is independently
and identically distributed (I.I.D.) according to these shares.

We can derive likelihood functions for the superpopulation distribution of potential
outcomes g = (qi11, ¢10, Go1, goo) given the data from the experiment, depending on the
randomization procedure into intervention. If subjects are assigned to intervention
or control via a series of Bernoulli trials, we can view the combination of assignment
Z and outcome Y across the n subjects as independent categorical variables whose
distribution is defined by the superpopulation distribution of potential outcomes q
and the probability of assignment to intervention p:

P(Y =1,Z=1) = (qu1 + quo)p
P(Y =0,Z=1)=(1-(q11 + qu))p
=1,7Z= C’) (qi1 + qo1)(1 = p)

P(Y
P(Y =0,Z=C) = (1 (qu+qu))(1-p).

The experimental data X = (X1, X109, Xc1, Xco) consist of the counts of each re-
alization of this categorical variable, with X;; representing the number of subjects
treated in the intervention arm, X;y the number untreated in the intervention arm,
X1 the number treated in the control arm, and Xy the number untreated in the
control arm. These counts of realizations of independent categorical variables follows
the multinomial distribution with the probabilities above, which yields the likelihood
expression:

Llg|z)=P(X =z|q)
n! n+xr c1tzco

_ Tr1+Zro(1 _ \Toc1t+xcoo

B $11!$10!I01!$co!p (1=p)

(fhl + C]lo)ml1 (1 — (qu + (J10))

(CI11 + QOl)ml (1 — (qu + QOl))gCCO- (1)

ZIo

This likelihood is equivalent to a likelihood appearing in Barnard (1947).
Alternatively, if the experiment is “completely randomized,” such that m < n
subjects are assigned to intervention by drawing names from a hat and the remainder
are assigned to control, we can view the sample as two sets of Bernoulli trials. The
first set of m trials represent the subjects sampled into the intervention arm, where
there are X treated subjects with independent probabilities of being treated equal
to the probability that Y; = 1 in the superpopulation, g1 + qi9. The second set of
n — m trials represent the subjects sampled into the control arm, where there are
X1 treated subjects with independent probabilities of being treated equal to the
probability that Yo = 1 in the superpopulation, ¢11 + ¢o1. The two sets of Bernoulli
trials are independent, allowing us to write the likelihood of a completely randomized



experiment as the product of two Binomial random variables X7, and Xoq:
m Tr1 m—xm
Lig|z)= (3611) (g1 + q10)™" (1 = (q11 + qu0))

<n:v_clm) (g +q01)" " (1= (g +qo))" 7" (2)

This likelihood is equivalent to likelihoods from Barnard (1947) and Kline and Walters
(2020).

These likelihood functions show that the experiment cannot reveal evidence against
monotonicity in the superpopulation. Consider any candidate superpopulation dis-
tribution of potential outcomes g with non-zero shares of both compliers and defiers.
Without loss of generality, suppose the share of compliers is at least as large as the
share of defiers, ¢i9 > ¢o1. Then, there is an alternative distribution ¢’ with no de-
fiers that has the same likelihood as q (specifically, ¢i; = q11 + qo1, ¢19 = Q10 — Go1,
¢, = 0, and ¢}y = qoo + qo1). That is, for every distribution violating the mono-
tonicity assumption, there is an alternative distribution satisfying the monotonicity
assumption for which there is equal evidence. In fact, the likelihood functions are
flat over all superpopulation joint distributions of potential outcomes with the same
values of ¢11 + qo1, which is the marginal distribution of Y7, and ¢11 + qo1, which is the
marginal distribution of Y, yielding the well-known copula bounds of Boole (1854),
Hoeffding (1940), and Fréchet (1957).

2.2 A Design-Based Model Can Reveal Evidence against Monotonicity
2.2.1 Derivation of the Design-Based Likelihood

In the design-based framework, we restrict our attention to the fixed, but unknown,
joint distribution of potential outcomes within the sample, rather than within some
superpopulation. We represent this distribution with the sample counts of always
takers 611, compliers 0, defiers 051, and never takers 6yy. The values 011+6010+60p1+600
sum to the sample size n. While the sample distribution of potential outcomes could
be equivalently represented through shares rather than counts, we focus on counts to
make use of known finite-sample probability distributions in the likelihood derivation
below.

The design-based likelihood of the joint distribution of potential outcomes in the
sample @ = (611,610,001, 000) given the data x is the probability of this realization
of the data given 0. To derive the distribution of the data, first let us define the
joint distribution of potential outcomes in the intervention arm I = (IH, Lo, Io1, foo)
as a random vector whose elements represent the numbers of always takers, compli-
ers, defiers, and never takers randomized into intervention. These values are unob-
served to the experimenter. However, the randomization process—the design of the
experiment—implies a data generating process for the distribution of potential out-
comes in the intervention arm I conditional on the distribution of potential outcomes



in the sample 0, which we can then use to derive the distribution of the data X.
Consider an experiment where the randomization design assigns subjects to the
intervention or control arm through a series of Bernoulli trials. Then, each subject’s
probability of assignment to intervention is p, and assignments are independent across
subjects as well as across principal strata. This independence allows us to write the
distribution of I as the product of four independent binomial distributions:

011 910 901 900
11 115 110 105 Lo1 01, Loo 00 | <Iu> (110 To1 ) \ oo

x pEasiin(l = p) - Tanin (3)

Alternatively, in a completely randomized experiment, the randomization design
fixes the number of subjects in the intervention arm m and selects any of the possible
combinations of m subjects in intervention and n — m subjects in control with equal
probability, as though drawing names from a hat. Under this design, I follows a
multivariate hypergeometric distribution:

(1) (o) (on) Cio)

() |
In either case, the experimental design implies a data-generating process for the
number of subjects of each type randomized into the intervention arm.

While the distribution of potential outcomes in the intervention arm I is unobserv-
able, we can use its data generating process to derive the distribution of the observable
data X. Note that each subject randomized into the intervention arm with outcome
Y = 1 must be either an always taker or a complier: X;; = I1; + I;p. Each subject
randomized into the intervention arm with outcome Y = 0 must be either a never
taker or a defier: X;9 = Iyo + Ip;. In the control arm, those observed with outcome
Y = 1 must be either always takers that were not randomized into intervention, or
defiers that were not randomized into intervention: Xo; = 6017 — I11 + 0p1 — Io1. And
finally, those in the control arm with outcome Y = 0 must be either never takers that
were not randomized into intervention, or compliers that were not randomized into
intervention: X¢og = 0gg — Ioo + 610 — I10. Thus, we can write the probability of the
observed data X conditional on the joint distribution of potential outcomes 0 as:

P(hl = I1, Lio = Lo, Lo1 = o1, oo = Loo | 0) = (4)

P(X =z | 0) = P(Ill + I = o1, (911 - [11) + (901 - [01) = Zc1,
Ioo + Io1 = z 10, (900 - [00) + (‘910 - [10) = 2o | 9)
= P<Ill + lo=xzn, Iin+ I = xc1 — 611 — b,

Ioo + Lo1 = 10, oo + L10 = xco — oo — 10 | 9)-



A realization of the data X may be produced from more than one realization of
the distribution of potential outcomes in intervention I. To find the probability of a
realization of X, we sum together the probabilities of each realization of I that could
have produced it. We can index these realizations through the realization ¢ of [;; and
solve the following system of equations for the elements of I:

I + Lo = xn,
Iy + 1oy = 011 4 O0p1 — xcn,
Iy + Lo + Io1 + loo = x 11 + 210,

IH - Z
Rearranging yields

]11 :’L
Lo=zpn —1
Ioy = 011 + 001 — 201 — 1

Ioo = 10 + o1 + 1 — 011 — Op1.

The value i is restricted to the set Z(x, @) such that I remains within the support
1mpl1ed by 07 namely 0 S ]11 S 911, 0 S IlO S 010, 0 S ]01 S 901, and 0 S IOO S 900.
The probability of a realization of X is just the sum of the probability of each of
these realizations of I:

LO|z)=P(X=z]6)= Y P([H:z',
1€Z(x,0)
Lo =z — 1,

Ioy = 011 + 001 — zc1 — 4,

[00:$[0+x01+i—011—901’0). (5)

Equation (5) represents the general design-based likelihood, where the probability
of each distribution of potential outcomes in intervention I given the distribution
of potential outcomes in the sample 6 is informed by the design of the experiment.
When subjects are assigned to intervention by a series of Bernoulli trials, I follows



the distribution in (3), yielding:

fole)= 3 (")

1€Z(x,

(o)
X .
T — 1
(000 s )
X )
011 + 001 — 01 — 1

y ( B0 >
Tro + xc1 +1— 011 — O
% p9311+9610(1 _ p)rcrm“co' (6)

Alternatively, in a completely randomized experiment, I follows the distribution in
(4), yielding:

Loz = Y | <9;1)

1€Z(x,0

X .
T —1

X .
011 + 001 — 01 — 1

(ovansitmtma) /() O
m+x(;1+i—911—€01—x11 m

where we have substituted m = x; + x59. The latter likelihood function is equivalent
to the likelihood in Copas (1973).

2.2.2 An Illustration of Curvature in the Design-Based Likelihood

A simple experiment with two people can help us visualize curvature in the likelihood
function. Suppose one person is treated in intervention and another is treated in
control. The rows of Figure 1 show the four joint distributions of potential outcomes
that could have produced one person treated in intervention and the other treated
in control. We represent each person with a colored circle: the left half of the circle
represents that person’s potential outcome in intervention, and the right half of the
circle represents that person’s potential outcome in control (here, orange represents
“treated” and white represents “untreated”). In each row, the two circles enter the
experiment, represented by a pair of white squares, and one circle falls randomly into
each square. The square on the left represents the intervention arm and masks the
right half of a circle, which we color grey; the square on the right represents the
control arm and masks the left half of a circle. The first column of pairs of squares



represents what the observer would see if the first circle in the respective row were
randomized into intervention and the second were randomized into control, while the
second column shows the observable data under the counterfactual randomization.

Figure 1: An Illustration of a Randomized Experiment with Two People

Design-based likelihood of potential outcome types given observed outcomes

outcomes in intervention (left), control (right)
potential outcome types observed counterfactual likelihood

always taker, always taker ‘ ‘ D (. 2/2=1
maximum

always taker, defier ‘ C. <D C. 1/2=1%

complier, always taker D ‘ D <> 1/2=1%

complier, defier D C. CD <> 1/2=1%

outcomes: {imeafsed, umelbseEwedl in intervention (left) and control (right)

The maximizer of the likelihood function indicates that both people are always
takers. The intuition is simple. If they are both always takers, then even if the
randomization had gone the other way such that the person assigned to intervention
were assigned to control and vice versa, you would have seen the same thing—both
the person in intervention and control would still be treated.

Curvature in the likelihood is apparent from the fact that the number of ways
that you could have seen what you actually have seen varies across the rows. The
“always taker, always taker” row produces the actual observed data in two out of
the two possible randomization outcomes. The value of the likelihood is 1. In the
remaining three rows, the observed data only occurs under one of the two random-
ization outcomes, so the value of the likelihood for these rows is 0.5. Paraphrasing
the board book “Statistical Physics for Babies” (Ferrie, 2017), which provides style
inspiration for our illustrations, physicists refer to the number of ways that you could
have seen what you have seen—that is, the numerator of our likelihood—as entropy.
Differences in entropy yield curvature in the likelihood.

10



2.2.3 Curvature in the Design-Based Likelihood can Reveal Evidence
Against Monotonicity

Unlike the sampling-based likelihood functions from the previous section, the design-
based likelihood functions show that the experiment can reveal evidence against
monotonicity. Within the sample, the marginal distribution of the potential out-
come in intervention Y7 is determined by 6;; + 61, and the marginal distribution of
the potential outcome in control Yo by 611 +6p;. While the sampling-based likelihoods
in (1) and (2) vary only with the marginal distributions of the potential outcomes in
the superpopulation, both of the design-based likelihoods in (6) and (7) vary with the
joint distribution of potential outcomes in the sample @ even when holding constant
the marginal distributions. That is, when both 611 + 019 and 611 + 6y, are fixed, the
likelihood functions maintain some curvature, and the experimenter can learn within
the Boole-Fréchet-Hoeffding bounds.

We can show this likelihood curvature with a simple example. In the previous
example with one person treated in intervention and one person treated in control,
the likelihood is maximized when both subjects are always takers, and there is no
evidence against monotonicity. Starting with a sample size of six, the experiment
can provide evidence against monotonicity. Suppose X;; = 2 people are treated in
intervention, X;y = 1 person is untreated in intervention, X-; = 1 person is treated
in control, and Xy = 2 people are untreated in control. We can compare the likeli-
hood values of two joint distributions of potential outcomes with the same marginal
distributions: (611, 010, 001,000) = (2,2,0,2) satisfies the monotonicity assumption,
while (01,6, 001, 05) = (0,4,2,0) does not. Under the design of randomization by
Bernoulli trials, the likelihood of € is exactly 0.125, while the likelihood of €' is exactly
0.1875; under the design of a completely randomized experiment, the likelihoods are
0.4 and 0.6. In either case, the experiment provides evidence against the distribution
that satisfies the monotonicity assumption.

2.3 Other Sampling-Based Models Can Reveal Evidence Against Mono-
tonicity

The canonical sampling-based model of an experiment from Section 2.1 demonstrates
that the experiment cannot provide any evidence against monotonicity in the super-
population. In a seeming paradox, the design-based model from Section 2.2 shows
that the experiment can provide evidence against monotonicity in a sample. How
can these statements both be true? Is there any way to exploit the information about
monotonicity in the sample to learn about monotonicity in the superpopulation?

To formalize the connection between the distribution of potential outcomes in a
sample and the distribution of potential outcomes in a superpopulation, we extend
our design-based model with an explicit sampling procedure. Analogously to how the
randomization design implies a data generating process for the distribution of poten-
tial outcomes in the intervention arm, the sampling design implies a data generating
process for the distribution of potential outcomes in the sample, which depends on the

11



distribution in the superpopulation. Formally, we now let @ be a random variable in
© whose distribution is parameterized by some «: 6 ~ P.,. Following the law of total
probability, we can produce a likelihood function for the parameter v by summing
the design-based likelihood function in (5) over realizations of 8 weighted by P.:

L(y|z)=Pz|v)
=Y P(z | ~,0)P,(6)

0O
=3 Pz | 6)B,(6)
0cO

=) L(6]2)P4(0) (8)

6co

In the second to last line, we utilize the fact that X is independent of « conditional
on 6.

Equation (8) is the general form of a combined sampling- and design-based likeli-
hood. Formalizing the likelihood this way shows that the information available about
the distribution of potential outcomes in the sample £(0 | x) is mediated by how
probable each sample distribution is in terms of P,(@). Whether the curvature in
the design-based likelihood persists depends crucially on the details of the sampling
process.

A natural and illustrative starting point is the common assumption of I.I.D. sam-
pling, or sampling with replacement. As in Section 2.1, sampling with replacement
implies that we may write the probability of each subject’s potential outcome realiza-
tions as q. The joint distribution of potential outcomes in the sample 6 is then the
counts of the realizations of independent categorical random variables, which itself is
a random variable following the multinomial distribution:

n! 6/ 0/ 6/ 0/
P,(0=10)= a1 4o 9ot 900 - (9)
0 =8) = G g a0, 7y

In this case, v = g = (q11, q10, Go1, G00)-
As a natural alternative, we also consider the procedure of sampling from a finite

superpopulation without replacement. Let sq; be the number of always takers in the
finite superpopulation, s;g the number of compliers, so; the number of defiers, and s
the number of never takers. Under sampling without replacement, the potential out-
comes of each subject are no longer independently distributed. Instead, the resulting
distribution for @ is the multivariate hypergeometric distribution:
s11) [(S1 so1) (S
ooy GGG o

()

12



where k = s11 + s10 + So1 + Soo is the finite size of the superpopulation. In this case,
Y=8= (511, 510, 501, Soo)-

Random sampling with and without replacement are just two of many sampling
models, and different sampling models imply different likelihood functions through
their respective distributions P,. Under the canonical model of sampling with re-
placement (I.I.D.), the experiment cannot reveal evidence against monotonicity. In
Appendix A, we algebraically derive closed form representations of the likelihood
of ¥ = q under sampling with replacement. Under the randomization design of
Bernoulli trials, the within-sample likelihood function for 8 takes the form in (6), and
the superpopulation likelihood function for 4 in (8) simplifies exactly to the canonical
superpopulation likelihood in (1). Under the design of complete randomization, the
within-sample likelihood function for @ takes the form in (7), and the superpopulation
likelihood function for -+ in (8) simplifies to the canonical superpopulation likelihood
function in (2). So, under IID sampling, we are in exactly the cases described in
Section 2.1: the likelihood functions are invariant within the Boole-Fréchet-Hoeffding
bounds for each pair of marginal distributions, and the experiment can provide no
evidence against monotonicity in the superpopulation.

This is not, however, the case for all sampling assumptions. Under specifications
for P that differ from (9), the likelihood function in (8) need not simplify to an ex-
pression that depends only on the superpopulation marginal distributions of potential
outcomes. In fact, under the distribution implied by sampling without replacement in
(10), the likelihood retains some curvature conditional on the marginal distributions,
and the experiment can provide evidence against monotonicity in the superpopula-
tion. Under the randomization design of Bernoulli trials, this likelihood takes the
following form:

c(s\w)zzl Z)(e;)
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Under the design of a completely randomized experiment, the likelihood is:
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We can once again demonstrate curvature in these likelihoods through an exam-
ple. Using the same data as the example in Section 2.2.3, we have X =2, X;9 =1,
Xo1 =1and X¢g = 2. Suppose that these data represent half of the superpopulation,
which was sampled into the experiment without replacement. We can compare the
likelihood values of two superpopulation joint distributions with a population size of
k = 12 and the same marginal distributions: (s11, $10, So1, S10) = (4,4, 0,4) satisfies
the monotonicity assumption, while (s, S0, 501, Soo) = (0,8,4,0) does not. Under
the design of randomization by Bernoulli trials, the likelihood of s is approximately
0.082, while the likelihood of s’ is approximately 0.085; under the design of a com-
pletely randomized experiment, the likelihoods are approximately 0.262 and 0.273.
In either case, the experiment provides evidence against the distribution that satisfies
the monotonicity assumption.

2.4 Choosing Between Design-Based and Sampling-Based Models

Our results show that the design-based model of an experiment can offer novel evi-
dence against monotonicity in the sample distribution of potential outcomes. In many
cases, the sample distribution of potential outcomes is a more appropriate object of
inquiry than a superpopulation distribution. Learning about the distribution of po-
tential outcomes in the sample directly addresses the questions of “why” we saw the
outcomes we did, and what we would have seen had the randomization gone differ-
ently. Counterfactual questions like these have attracted recent interest in the study
of causal inference (Gelman and Imbens, 2013; Pearl and Mackenzie, 2018; Imbens,
2020; Dawid and Musio, 2022).

Evidence against monotonicity in the sample distribution of potential outcomes
is especially useful when the outcomes of the particular individuals involved are of
interest, such as in litigation, or when the sample constitutes the entire superpopu-
lation of interest. Alternatively, some settings imply no sensible superpopulation on
which to conduct inference. For example, if a sample consists of geographic regions of
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a country that are randomly assigned to some treatment, learning about the sample
itself could be more useful than learning about a hypothetical superpopulation of
geographic regions (Abadie, Athey, Imbens, and Wooldridge, 2020).

For researchers interested in the superpopulation, our results for sampling-based
models suggest that I.I.D. sampling is not an innocuous assumption, as it precludes
evidence about monotonicity. In many cases, [.I.D. sampling is invoked for analytical
convenience rather than for realism. Many practical sampling procedures are known
to differ from sampling with replacement. Clinical trials, for instance, do not admit
the same individual to the trial multiple times. Some sampling processes may be
“close enough” to I.I.D. sampling with replacement to justify the assumption, but
divergences for small superpopulations can be significant. If the sampling process
is unknown, as it is in experiments run on convenience samples, focusing on the
sample distribution of potential outcomes could be preferable to imposing unfounded
sampling assumptions that restrict or eliminate evidence against monotonicity. In
the remainder of this paper, we focus our attention on the sample distribution of
potential outcomes, which is both interesting in its own right, and an important first-
step for sampling-based models that can reveal evidence against monotonicity in the
superpopulation.

3 Proposed Design-Based Decision Rules with and without
Monotonicity

3.1 Preliminaries on Statistical Decision Theory

To utilize the curvature in our design-based likelihood, we propose decision rules in the
style of Wald (1949). Statistical decision theory provides two benefits for our setting.
First, decision theory is natural to apply in our design-based setting, unlike alternative
criteria like consistency that depend on large sample or asymptotic assumptions.
Second, statistical decision theory provides straightforward methods to quantify the
gains from exploiting the full curvature in our likelihood over other decision rules.
We focus here on the statistical decision problem of choosing the correct distribution
of potential outcomes in the sample, rather than on testing hypotheses about the
distribution. Classical hypothesis tests that control size prioritize a null hypothesis
over its alternative, which could limit the amount of information we learn from the
likelihood in our setting (Tetenov, 2012).

Suppose a decision maker wishes to guess the joint distribution of potential out-
comes in the sample. We write the decision maker’s guess as 6, and we define a utility
function over a guess 0 and the true distribution 8. We focus on the following utility
specification, which yields one util when the guess is correct and zero utils when the
guess is incorrect:

~

w(8,0) =15 g

We also allow the decision maker to choose a randomized guess, which ascribes a
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probability distribution over the possible values of 8. We define the decision maker’s
utility over a randomized guess p as the expected utility of guessing according to the
probabilities ascribed by p:

Ulp,8) =Y u(B,0)p(6). (11)

0cO

The decision maker chooses a decision rule that maps the observable data into
(possibly) randomized guesses.®> We write such a rule as f : X — A(@), where X
is the space of possible data realizations, © is the space of possible distributions of
potential outcomes, and A(®) is the space of distributions over @. Given a true dis-
tribution of potential outcomes 0, the decision maker’s expected utility from following
a decision rule f is the expected value of U(f(X), @) with respect to the experimental
outcome X:

EU(f,6) = E[U(f(X),0) | 6]
_ Zu@ﬁw@ | ) f(x)(8)

=3 L0 2)f(2)(6).

xrxeX

Under the specified utility function, the decision maker’s expected utility is equal to
the probability of guessing correctly.

3.2 Proposed Maximum Likelihood Decision Rule

We focus now on what is arguably the simplest and most familiar way to utilize the
likelihood: guessing the sample distribution of potential outcomes that maximizes the
likelihood. The maximum likelihood decision rule f* can be defined as follows. Let
O(x) be the set of 8 values that maximize the likelihood given the observed data a:

é(w) = argmax L(0 | x).
0cO

There are finitely many vectors of integers 6 that sum to the actual number of par-
ticipants in the experiment n, so © is finite and ©(x) is nonempty. We define the
maximum likelihood decision rule f* as:

F()(8) {#{C:)l(a:)} if 0 € O(x), (12)

0 0.W.,

3We conflate here the standard definitions of “randomized decision rules” and “behavioral decision
rules” (Ferguson, 1967) for expositional clarity. In settings of perfect recall, such as the setting we
study here, the space of randomized and behavioral decision rules is equivalent (Kuhn, 1953).
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where #{-} is the counting measure. When the likelihood is unimodal, f* chooses the
maximizer with probability one; when the likelihood is multimodal, f* prescribes an
equal probability to each maximizer. The maximum likelihood decision rule does not
generically take a convenient analytical form. However, since © is finite, the integer
programming problem of maximizing the likelihood can be solved in small samples
by an exhaustive grid search.

3.2.1 Illustration of the Maximum Likelihood Decision Rule

Figure 2 illustrates the maximum likelihood decision rule in a sample of two people.
The rows represent all possible joint distributions of potential outcomes in the sample,
while the columns represent all possible realizations of the data (Figure 1 focuses on
the first column; here, the decision rule yields a decision for all possible realizations of
the data). The cells of the matrix are populated based on the number of randomiza-
tion outcomes within the given row that would produce the data observed in the given
column; when both randomization outcomes would produce the same observation, we
place the pairs of circles side by side. The likelihood value is one for every cell with
two pairs of circles, 1/2 for every cell with one pair of circles, and zero otherwise. We
see that, in the column for each realization of the data, there are four rows whose
randomization outcomes could produce that data. Furthermore, each column has one
row for which both randomization outcomes produce the relevant data. These rows
are the likelihood maximizers, which we highlight in yellow.

Figure 2: Nlustration of the Maximum Likelihood Decision Rule in a Sample of Two

maximum likelihood decision rule for potential outcome types

observed outcomes in intervention (left), control (right)

treated,  treated, wuntreated, untreated
treated untreated treated untreated
potential outcomes types “XD CDO GXD

always taker, always taker
always taker, defier
always taker, never taker
complier, always taker
complier, complier
complier, defier
complier, never taker

defier, defier
never taker, defier
never taker, never taker | OD

outcomes: fimeafed, in intervention (left) and control (right)
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Above the columns in Figure 2, we represent the maximum likelihood decision
rule, also in yellow. The decision rule maps a realization of the data in each column
to a row representing a (degenerate) guess for the unobserved joint distribution of
potential outcomes. In each row, the unique maximizer of the likelihood indicates
that both people have the same type. People can be the same or different, but in
this simple experiment, the maximum likelihood decision rule always indicates that
people are the same.*

3.2.2 Optimality of the Maximum Likelihood Rule

In his influential introduction to statistical decision theory, Ferguson (1967) recog-
nizes that maximum likelihood rules are “reasonable” in most situations because they
vary with the observed data, so they are better than “just guessing.” “However,” he
continues, “decision theory, as developed here, is devoted to the problem of finding
optimal rules, so that we do not refer to maximum likelihood estimates [...] unless
they turn out naturally to be optimal in some sense.” Here, we establish conditions
under which our maximum likelihood rule is optimal.

One sense in which a decision rule can be optimal is in terms of Bayes expected
utility: the average expected utility obtained according to some subjective prior dis-
tribution over 6:

EUL(f) =E[EU(f,0)] = Y  EU(f,0)x(6),

6cO

where m € A(®) is a subjective prior belief about 8. Decision rules that maximize
this criterion are said to be “Bayes optimal.”

While we need not specify a subjective prior to apply our maximum likelihood
decision rule, we can establish that it is Bayes optimal under a uniform prior, given
our choice of utility.” We review this proof in Appendix B. Bayes optimality implies
that our decision rule is admissible (Ferguson, 1967) and that the decision rule cannot
be bested in a betting framework (Freedman and Purves, 1969). Additionally, Bayes
optimality allows us to quantify the relative losses from using a suboptimal rule that
assumes monotonicity, as we do in Section 4.

3.2.3 Maximum Likelihood Rule as Maximum Entropy

We can also motivate our maximum likelihood rule through the principle of maxi-
mum entropy (Jaynes, 1957a,b), which unites the theory of information with statis-

4Andrew Gelman and Keith O-Rourke discuss the importance of “sameness” in statistical evi-
dence: “Awareness of commonness can lead to an increase in evidence regarding the target; disre-
garding commonness wastes evidence; and mistaken acceptance of commonness destroys otherwise
available evidence. It is the tension between these last two processes that drives many of the the-
oretical and practical controversies within statistics” (Gelman and O’Rourke, 2017). In Section 5
we continue our discussion of how the maximum of the likelihood indicates that people are similar,
even in a larger experiment where the data would not allow all people to be of the same type.

SThank you to Andriy Norets and Thomas Weimann for bringing these results to our attention.
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tical physics. In Section 2.2.2, we discuss how differences in entropy drive curvature
in the likelihood such that the maximum likelihood distribution is also the maxi-
mum entropy distribution. Jaynes (1968) advocates for application of the principle
of maximum entropy to circumvent the subjective specification of a prior.® In Ap-
pendix C, we illustrate that in the Monty Hall problem, a celebrated application of
Bayesian decision making, it is possible to make the same decision without specify-
ing a Bayesian prior using the maximum likelihood decision rule and the principle of
maximum entropy.

3.3 An Alternative Decision Rule with a Monotonicity Assumption

For comparison with our maximum likelihood rule, which does not impose a mono-
tonicity assumption, we now construct a “monotonicity decision rule” that requires
either the number of compliers, defiers, or both to be zero. Our monotonicity decision
rule chooses the distribution of potential outcomes that maximizes the design-based
likelihood subject to this constraint. The seminal monotonicity assumptions of Im-
bens and Angrist (1994) or Manski (1997b) are large sample assumptions on an un-
derlying superpopulation. Our monotonicity assumption is a distinct but analagous
assumption for the finite sample setting. We construct our monotonicity rule as a
constrained maximum likelihood estimator to allow the “best” estimate under mono-
tonicity. We do not impose additional restrictions that could further reduce the
likelihood, such as requiring that our estimate preserve the estimated marginal distri-
butions or average effect, even though such restrictions are often imposed in practice.
We define the restricted “monotonicity” set of distributions as @Y, where

@M:{969:910:0 V 901:0}.

Next, we define the set of constrained maximizers of the likelihood:

OM(x) = argmax L(6 | z).
ocoM

Finally, we define the monotonicity rule f* that chooses each of the constrained
maximizers with equal probability:

0 0.W.

()(8) = {m if 6 € 6V (a),

5To make Bayesian decision-making more objective, one option is to choose the least informative
prior. Jaynes’ alternative to make the process more objective is to choose the least informative
updated distribution. The distribution that can generate the data in the greatest number of ways—
the distribution that maximizes entropy—is the least informative updated distribution.
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4 Quantifying the Loss From and Evidence Against a Mono-
tonicity Assumption in a Design-Based Model

4.1 Quantifying the Exact Loss From Assuming Monotonicity

Optimality of the maximum likelihood decision rule implies that we can do weakly
better in the sense of Bayes expected utility than assuming monotonicity. Now we
ask: how much better? To answer this question, we compare the exact Bayes expected
utility achieved by the maximum likelihood and monotonicity decision rules of Section
3. For a given sample size, we enumerate each of the finitely many feasible sample
distributions of potential outcomes 6. For each 6, we compute the expected utility of
our two decision rules by evaluating and comparing 6 = f(x) with 6 for every possible
realization of the data x, and we average the resulting utilities over the values of x
according to the likelihood. We then average these expected utilities according to a
uniform prior for @ to get the Bayes expected utility.

Figure 3 shows the ratio of the Bayes expected utilities from the maximum likeli-
hood and monotonicity rules for even sample sizes between 2 and 40. For sample sizes
of two and four, the maximum likelihood rule and the monotonicity rule achieve the
same Bayes expected utility. As the sample size grows, the maximum likelihood rule
strictly outperforms the monotonicity rule; in a sample of 40 people, the maximum
likelihood rule achieves a Bayes expected utility 1.17 times that of the monotonicity
rule.

4.2 Quantifying Evidence Against Monotonicity in an Experiment

How strong is the evidence against monotonicity in a given experiment? A likelihood
ratio can capture the relative strength of the evidence against monotonicity available
in a realization of the data x:

L@ | )
L) = (@) )

The likelihood ratio is bounded below by 1, as the maximum likelihood rule is an
unconstrained maximizer and the monotonicity rule is a constrained maximizer. A
value of exactly 1 implies that the likelihood is maximized at a distribution satisfy-
ing montonicity, while values of the likelihood ratio greater than 1 imply that the
experiment offers evidence against the monotonicity assumption. The value of the
likelihood ratio has an intuitive interpretation—the ratio represents how much higher
the probability of the observed data is under the best alternative to monotonicity.

5 A Real Clinical Trial Reveals Evidence Against Mono-
tonicity

We apply our decision rules to a clinical trial of 28 people that examines the impact
of high dose Vitamin C on patients with sepsis (Zabet et al., 2016). In terms of an
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Figure 3: Performance of Decision Rules Relative to Monotonicity Decision Rule
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instrumental variable model, this example is a reduced form rather than a first stage,
so we introduce additional terminology. The potential outcomes represent “alive”
(which maps to treated) and “dead” (which maps to untreated). The four principal
strata represent those for whom the intervention is “wasteful” (always takers, who
are alive in intervention and alive in control), those for whom the intervention is
“efficacious” (compliers, who are alive in intervention and dead in control), those for
whom the intervention is “unsafe” (defiers, who are dead in intervention and alive in
control), and those for whom the intervention is “futile” (never takers, who are dead
in intervention and dead in control).

Figure 4 illustrates the experiment graphically. In intervention, 12 of 14 people
are alive within 28 days, as compared with only 5 of 14 people in control. The Fisher
exact test rejects the null hypothesis that the intervention is neither efficacious nor
unsafe for anyone at the 2.6% level. The point estimate of the average effect indicates
that the intervention increases survival by a whopping 50 percentage points, which
given the sample size of 28, implies 14 more compliers than defiers. While we can
depict all possible distributions of potential outcomes in an experiment with 2 people
in the ten rows of Figure 2, doing so in an experiment with 28 people would require
4,495 rows, so we only depict three.

As depicted in the highlighted row, our maximum likelihood decision rule shows
that the joint distribution of potential outcomes that maximizes the likelihood in-
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Figure 4: Illustration of the Zabet et al. (2016) Vitamin C Experiment
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cludes 21 people for whom the intervention is efficacious (compliers), 7 people for
whom the intervention is unsafe (defiers), and zero people for whom the intervention
is wasteful or futile. The number of compliers net of defiers is 21-7=14, which matches
the point estimate of the average effect multiplied by the sample size.

As shown in the second column, in our maximum likelihood configuration, we can
deduce how many people of each type were assigned intervention and control. Since
the maximizer rules out that any of the 12 people who lived in intervention would
have lived regardless, it must be efficacious for all 12 of them. By similar logic, our
decision rule indicates that, by a chance imbalance, more of the people for whom
the intervention is efficacious were assigned intervention (12 vs. 9), and fewer of the
people for whom the intervention is unsafe were assigned control (2 vs. 5). Using
terminology from Pearl (1999), the intervention was “necessary” for the deaths of
the 2 people who died in intervention because it is unsafe for them, and they would
have lived without it. Similarly, the intervention would have been “sufficient” for the
deaths of the 5 people who lived in intervention because it is unsafe for them, so they
would have died with it.

The second row of Figure 4 shows the result of the monotonicity decision rule: 10
people for whom the intervention is wasteful, 14 people for whom the intervention
is efficacious, and 4 people for whom the intervention is futile. Like the maximum
likelihood decision rule, this decision rule preserves the point estimate of the average
effect. But, were this the true distribution of potential outcomes in the sample, the
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realized data would have occurred with only a 12.9% probability, which is strictly
lower than the 15.3% probability of the realized data under the maximum likelihood
decision. The evidence in favor of the maximum likelihood decision, which indicates
the presence of both compliers and defiers, is 1.19 stronger than the evidence for the
monotonicity decision, as indicated by the likelihood ratio (15.3/12.9).

The final row shows the Fisher hypothesis distribution in which the intervention
has no effect for anyone in the sample. This distribution has a much lower likelihood
of 0.8%, and the visualization in the second column provides intuition for this lower
value. This configuration implies large imbalances between intervention and control
among those for whom the intervention is wasteful (12 vs. 5) and those for whom the
intervention is futile (2 vs. 9).

While the maximum likelihood and monotonicity decision rules imply different
marginal distributions of potential outcomes, our design-based likelihood can also
distinguish between distributions with the same marginal distributions. Consider an
alternative distribution, not depicted, with 6 people for whom the intervention is
wasteful, 18 people for whom the intervention is efficacious, and 4 people for whom
the intervention is unsafe. That distribution has the same marginal distributions as
the result of the monotonicity decision rule depicted in the second row (01, + 619 = 24
and 611 +6p; = 10), but it has a higher likelihood of 14.5%. Incidentally, this example
also demonstrates that there is more than one distribution with a higher likelihood
than the result of the monotonicity decision rule.

The expressions in the final column help explain why the first row maximizes the
likelihood and others do not. In an experiment with 28 people, there are 40,116,600
ways to randomize 14 into intervention and 14 into control (28 choose 14). If the true
distribution is the one depicted in the first row, there are 293,930 ways to randomize 12
of the 21 people for whom the intervention is efficacious (compliers) into intervention
(21 choose 12) and 21 ways to randomize 2 of the 7 people for whom the intervention is
unsafe (defiers) into intervention (7 choose 2). There are then exactly 6,172,530 ways
(21 choose 7 times 7 choose 2) for the true distribution to yield the observed data,
representing approximately 15.3% of all possible ways. In other rows, there are fewer
ways to yield the observed data, so the entropy—the numerator of the likelihood—is
lower.

It need not be the case that the maximizer of the likelihood includes only two
types. As Fisher (1935) recognized, it is always possible for all people in the exper-
iment to be of two types—either compliers and defiers (as shown in the highlighted
row) or always takers and never takers (as shown in the last row). However, maxi-
mization of the likelihood requires trading off between the higher likelihood of fewer
types and the higher likelihood of balance between intervention and control within
each type. In this example, the maximizer of the likelihood has only two types but
some imbalance within each type. In the case of the third row, the imbalance within
each type is much larger, and the likelihood is much lower. The second row, chosen
by the monotonicity rule, is balanced within each type, but it has three types, which
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decreases its likelihood.”

The maximum likelihood decision rule implies that the intervention is unsafe for
some patients, and decision makers will need to decide what to do with that infor-
mation. Those that ascribe to the “do not harm” principle might withhold the in-
tervention (Cui and Han, 2023; Ben-Michael et al., 2024; Guggenberger et al., 2024),
and those that only care about the average effect might want to continue using it.
However, even those that care only about the average could improve the average if
they could better target the intervention away from those for whom it is unsafe and
towards those for whom it is efficacious. If machine learning methods cannot find
heterogeneity in the intervention effect using covariates available by convenience, our
maximum likelihood decision can justify collecting a richer set of covariates. It can
also motivate the collection of data on a richer set of secondary outcomes that cap-
ture side effects. For example, in the Bernard et al. (2001) clinical trial testing the
effect of recombinant human activated protein C on patients with sepsis, researchers
identified a potential mechanism for how the intervention was unsafe: it led to severe
bleeding.

5.1 The Clinical Trial Need Not Reveal Evidence Against Monotonicity

The Zabet et al. (2016) experiment reveals evidence against monotonicity, but the
same trial could have supported monotonicity, even with the same estimated average
effect, if fewer people had survived in both arms. Figure 5 shows a hypothetical,
alternative outcome of the trial where 7 of the 14 people in the intervention arm
are alive and zero of the 14 people in the control arm are alive. As in the actual
experiment, the point estimate of the average effect of the intervention on survival is
0.5. But now, the maximum likelihood and monotonicity decision rules both estimate
a distribution of potential outcomes consisting of 14 people for whom the intervention
is efficacious (compliers) and 14 people for whom the intervention is futile (never
takers), as shown in Figure 5. The likelihood ratio, then, is exactly 1, and the

hypothetical experiment offers no evidence against monotonicity.®

6 Implications

We often take for granted that the average effect estimated from an experiment
is sufficient for making a decision. However, considering just this estimate throws
away valuable information. We harness information about the randomization process
within an experiment to decide whether there is evidence against monotonicity.

"Viewing Pascal’s triangle as a representation of N choose K can help us to visualize the tradeoff
between fewer types (moving to the next row of the triangle, increasing N within each type) and
more balance within each type (moving to the middle of the triangle within a row, moving K closer
to N/2 within each type). We thank Elizabeth Ananat for this point.

8As shown in the later columns, the hypothetical experiment does offer evidence against the
hypotheses that everyone is affected (the first row) and that no one is affected (the third row).
Both require much more unbalanced randomization within each type, and the likelihoods are much
smaller.
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Figure 5: Illustration of a Hypothetical Vitamin C Experiment
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Randomized experiments are designed to offer the most credible evidence on causal
effects, so their analysis warrants statistical methods tailor-made to harness their de-
sign. Athey and Imbens (2017) address this need head on: “we recommend using sta-
tistical methods that are directly justified by randomization, in contrast to the more
traditional sampling-based approach that is commonly used in econometrics.” They
quote Freedman (2006), who asserts that “experiments should be analyzed as experi-
ments, not as observational studies.” The asymptotic methods used for observational
studies were developed, at least in part, due to their analytical convenience—finite
sample statistics were sometimes just too hard to compute. In the era of modern
computing, large sample approximations may be less useful. The exact design-based
model closely follows the actual structure of randomization that produced the data,
and as we show, it can produce novel insights over the canonical sampling-based
model.

Design-based methods have been around for a long time, and the most practical
impediment to their current use is that researchers do not report enough information
about their experimental designs (Young, 2019; Bai, 2022). We use large language
models to pull (openAI’s GPT-40-mini) and categorize (openAl’s GPT-03-mini) the
randomization processes from 2,080 papers associated with randomized controlled tri-
als from the Abdul Latif Jameel Poverty Action Lab (J-PAL). Only 61% have enough
description for the large language model to confidently categorize the randomization
method from the paper or associated AEA RCT Registry entry. However, of those,
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78% use designs captured by design-based likelihoods that we consider. In the full set
of papers, over 60% describe some mechanism through which monotonicity could be
violated. Mandated reporting of experimental design by J-PAL and other authorities
could facilitate the application of our design-based decision rule, allowing researchers
to learn more from their experiments.
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Appendix

Appendix A Simplification of the Combined Sampling- and Design-
Based Likelihoods with I.I.D. Sampling

Under sampling with replacement (L.I.D.), the distribution of 6 takes the form in (9).
Here, we show that, under the randomization design of Bernoulli trials, the general
combined sampling- and design-based likelihood in (5) simplifies to the first canonical
likelihood from Section 2.1 in (1), and under the design of a completely randomized
experiment, it simplifies to the second canonical likelihood in (2).

First, we focus on the design of Bernoulli trials. Substituting (6) and (9) into the
general likelihood in (5) yields the following expression:
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Note that 0yg = n — 611 — 019 — 01, and the binomial coefficient n-choose-k is zero
whenever n < 0, k <0, or n > k.

Next, we perform a change of variables, eliminating the 6 terms and introducing
alternative summation indices a, b, and c:

a:911—i bz@lo—l—i—xn 02901+a—l’01,
or, equivalently,

911:a+’i Hlozb—l—xn—i
O =c+xc1 —a Ooo = x10 + o — b — c.
Here, we have again used the fact that o9 = n — 617 — 619 — 0p1, along with the fact

that n = 1 + x50 + o1 + £co. Under this change of variables, the likelihood can be
expressed as:

=Y 2 2 Y ()

a=—00 b=—00 c=—00 I=—00
b +xn — )
X
T — 7
cC+xo1—a
X

.T]o—i-l‘co—b—c
Lo — C

z11+x[o zc1+Tco
X p —p)

X

n!
X
(a+i)(b+zn —i)(c+xc1 —a)(z0+ 200 —b—c)!

a+i b+xri—i_ctxci—a xro+rco—b—c

X 411 10 do1 q00

Expanding the binomial coefficients and simplifying yields:
£(q | w) — n!pxn-i-xzo(l _p)ﬂ?cﬁ—xco

o0 qi qxnfi 0 q ql”c1
11910 11901
X s e —
( Z iz — z)') (a;oo al(xey — a)!)

1=—00
b
X ( N qloqgoco ) < i 461900 ¢ >
R bl(zco — )1 )\ = !z — ¢)!

Finally, applying the binomial theorem to each sum and recalling ¢114+q10+qo1+q00 = 1
yields the exact expression for the first canonical sampling-based likelihood in (1).
Next, we turn to the design of a completely randomized experiment and sampling
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with replacement. We can express the likelihood by substituting (7) and (9) into the
general likelihood expression from (5):

Lglz) =3 [ > (")

0cO LicZ(x,0)
(o )
T —
(911 + 901 —ZTo1 — ’L>

o scen o)/ ()
Tro+xc1 +1— 6 — Oy m

n! 011 610 601 0
11 910 001 000
911'010'601'900'(111 qu qu qOO

This expression is identical to the version for Bernoulli trials in (13) divided by
pritEo (] — p)rerteco / ( ) Therefore, by the previous manipulations, it is also equal
to (1) divided by the same, which simplifies to the second canonical sampling-based
likelihood in (2).

Appendix B Bayes Optimality of the Maximum Likelihood Decision
Rule

In this appendix, we review that the result that the maximum likelihood decision rule
is Bayes optimal when utility takes the form in (11) and the decision maker’s subjec-
tive prior is uniform across realizations of the distribution of potential outcomes in
the sample 6. To show this result, we first establish that the maximum a posteriori
decision rule is Bayes optimal for our chosen loss function given any prior. The max-
imum a posteriori decision rule f* selects the maxima of the posterior distribution of
0. Formally, let @W(CIJ) be the set of 8 values that maximize the posterior distribution
given the observed data x, i.e.

@ﬂ(w) = argmax P (0 | x)
0co

=argmax L(0 | )r(0), (14)
0c®

where 7 € A(®) is the prior belief about 6. The decision rule f can then be defined
as follows:

£ ()(8) = {—#{(:)i(m)} if 0 € ©,(x), (15)

0 0.W.
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Now, let g be an arbitrary decision function. The Bayes expected utility for
decision function g is

E[EU(g,0)] = )  EU(g,6)n(6)

=> | > L] z)g(x)(0)|(6)

By rearranging terms in the summation, we can bound the Bayes expected utility of
g:

E[EU(g,0)] = > > ( O | x)g (e)w(e))

< Ztig) (g(w)(O) max {E(O' | w)ﬂ(e')})
- [ {2 12700} (S ow0)) |

This bound is precisely the Bayes expected utility achieved by decision rule f:

BEU(20) = 33 (£66 | 0)f:(2)0)7(0))

- _TGZX%@Z@ (#{@ )} 9'69{ (6| z)m (8 )})
£ [rmfeerro}( £ o)

=1

Thus, since f* achieves the upper bound on the Bayes expected utility of any decision
rule, we conclude that f? is Bayes optimal. Finally, observe that when the prior
distribution 7 () is constant, the maximizers of the posterior distribution in (14) are
simply the maximizers of the likelihood, and the Bayes rule f* in (15) simplifies to

fr
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Appendix C The Principle of Maximum Entropy in the Monty Hall
Problem

The Monty Hall Problem is a poster child for Bayesian decision making. Using our
proposed visualization of potential outcomes, we illustrate here that the principle of
maximum entropy can be used to arrive at the same decision without specifying a
Bayesian prior. Wang et al. (2016) discuss the principle of maximum entropy in the
same context, but we illustrate it here with our proposed visualization of potential
outcomes.

The setup of the Monty Hall problem is as follows. Monty Hall is the host of a
game show, and you are a contestant. Monty shows you three doors. He tells you
that there is a car behind one of the doors, which you will win if you choose the
correct door. You will not lose anything if you choose incorrectly. Monty asks you
to guess a door. Of the remaining two doors, Monty opens the one on the left and
shows you that it does not contain the car. Assume that he would have only opened
a remaining door that did not contain the car. He gives you the option to keep your
door or switch to the right remaining door. What should you do?

Figure C.1: An Illustration of the Monty Hall Problem

Let’s Make a Deal
You chose a door not shown. Of the remaining doors, Monty reveals no car in the left.
What should you do: keep your door or switch to the right?
Design-based likelihoods of potential outcomes in left and right doors given no car in left door

potential outcomes, outcome in left door (left), right door (right)
what you should do observed counterfactual  likelihood

no car in left, car in right, 2/2=1
switch to the right maximum

outcomes: @R, MO @R, TEbsEwedl in left door (left) and right door (right)

no car in left, no car in right,
keep your door (not shown)

Figure C.1 illustrates the Monty Hall problem using the approach to visualize
potential outcomes that we develop to illustrate the design-based likelihood in Figure
1. In that figure, the binary outcome can take on values of treated or untreated.
Here, it can take on values of “car” or “no car.” In Figure 1, the binary intervention
can take on values of intervention or control. Here, it can take on values of “left” or
“right.” The observed outcome is no car in left. The potential outcome is unobserved
in right. The two rows depict the two possible potential outcomes in left and right
given that you observed no car in left. In the first row, there is no car in left or
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right. Therefore, the car is behind your door, and you should keep your door. In the
second row, there is no car in the left remaining door, but the car is behind the right
remaining door, so you should switch doors.

To decide using our proposed maximum likelihood rule and the principle of max-
imum entropy, you need to know the likelihood in each row, depicted in the last
column. In the first row, because the car is behind your door, Monty can either open
the left or right remaining door. Suppose that Monty has a randomizer that reveals
left or right half the time. Given the two possible outcomes of the randomizer, there
is only one way that you could have seen him open the left door, so the entropy is
1 and the likelihood is 1/2. In the second row, because the door is behind the right
door, Monty can only open the left door. Given the two possible outcomes of the
randomizer, there are two ways that you could have seen him open the left door (he
would have opened it either way), so the entropy is 2 and the likelihood is 1. By our
proposed maximum likelihood decision rule, the maximum of the likelihood indicates
that the car is behind the right remaining door, so you should switch doors. By the
principle of maximum entropy, you arrive at the same decision that you would have
made under a Bayesian decision rule with a uniform prior.

A further connection between the likelihood in the Monty Hall problem and the
designed-based likelihood in the experiment with two people deserves mention. The
maximum of the likelihood in both contexts is 1, and the likelihood ratio of the
maximum of the likelihood to the other possible value(s) of the likelihood is 2. This
likelihood ratio indicates that the strength of the evidence for your decision in an
experiment with two people is as strong as the strength of the evidence in the standard
Monty Hall problem.
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